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What is data assimilation?

• Optimally combine a mathematical model with data

• Use data over time and a model to infer system state

• Example: weather forecasting
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Nudging

• Governing system:
ut + F (u) = 0

• Partial observations of state: Pu

• ”Nudged” system:

ut + F (v) = P(u − v); v(0) = v0

• Under certain conditions can prove that v → u.
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Inverse Problems

• Many problems in mathematics seek to predict the effects of a
given set of causal factors

• Inverse problems seek to determine the most likely causal
factors for a set of observations

• Example: given (limited) observations of a fluid, determine its
viscosity
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Nudging, continued

Continuing from before, suppose our system is

ut + F (u) + λG (u) = 0,

where λ is a parameter. We add the coupled system

vt + F (v) + λ̃G (v) = µP(u − v); v(0) = v0

Goal: update λ̃ so that λ̃ → λ over time.
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Previous Work

• Basics: Azouani, Olson, and Titi
• Recent applications:

• Kuramoto-Sivashinsky equation - Pachev et. al
• Lorenz equations - Carlson et. al.
• 2D Naiver-Stokes equations - Martinez
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Rayleigh-Bénard Convection

• A fluid which is heated from below and cooled from above

• Modeled by the Boussinesq Approximation:

ut + u · ∇u +∇p = Pr∆u + PrRaθẑ

∇ · u = 0

θt + u · ∇θ = ∆θ

• Parameters of interest: Pr and Ra
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Rayleigh-Bénard Convection, continued
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Point-in-Time Updates

• Formal computations show that choosing

P̃r αi + ˜PrRa βi = γi ,

(for some constants αi , βi , γi , i = 1, 2) leads to

1

2

d

dt
∥P(u − v)∥2 = −µ∥P(u − v)∥2.

• Hypothesis: This will make u → v and the parameters
converge as well.
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Point-in-Time Updates, continued
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Linearized Updates

• Add a nudging term to the temperature equation

• Neglect terms quadratic in the error

• Let w be the error in velocity field and ω be the error in the
temperature field. We can make the update

Ra ≈ R̃a− µ
∥Ih(w)∥22

⟨Ih(θ)x , Ih(w)⟩
,

Pr−1 ≈ ˜Pr−1 − µ
∥Ih(ω)∥22

⟨Ih(∆θ̃), Ih(ω)⟩
.
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Linearized Updates, continued
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Current Work

• Use dedalus to computationally verify

• See where the algorithm works best

• Change if necessary
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Future Work

• Compare the two approaches

• Work on an analytic proof of convergence
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